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① Order ofelement

② Lagenge theorem
~

↓

①

~

③ cyclic group, generator

(ID)is a cyclic group generated 1.

(2x2,t)x(*), t) is nota cyclic group.

Zan =wxniffgd(N,1) =1
Chinese Remainder Theorem

integer multiplication
④ Observation: X

(2550],0) is a group

(2\S0],.) is nota group

25=41,53

(2*,0) is a group.

zn* =4a7zr/gcd(9,n) =13

25..) is a gap
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0 =0
⑧

1 +1 +1 +1 +1 +1=0 1

~ How
many times a

2 +2 +2 =0 operate on itself to

reach identity?
3.+3 =0

4 +4 +4
=0

5 +5 +5 +5 +5 =0
1

In22x23

(0,0) =(0,0)
10,1) +(0,0 +(0,1) =(0,0)

(10) +2(,0) =(0,0)

(0,2)+10,2) +20,2) =(0,0)

(1,1) +(,1) +P,1) +(,1) +(,)).
+(,1) =(0,0)

(12) +(1,2) +(1,2)+(1,2) +(,2) +x,2) =(0,0)



zs ode/ 22x23 ode- /
minimum # of times minimum # of times

g operates on itself g operates on itself
I

to getto e I to getto e

Δ * (01) x

1 6
(0,1) 3

2 3 (1,0) 2

32
(0,2)

>
>

4 3

7,17 6
⑤ 6

(1,2) 6

If f is an isomorphism map between 2 and e xx3,

then I should preserve the minimum of times

g operates on itself I oder ofg
to getto e

I mustmap3 to 1,0) since 3and (1,0)

are the only elements with order 3.

Write(a,b) =a(1,0) +b(0,1)

f((a,b)) =af(x,0)) +bf(c0,1))
- 34 +2b or3a +46

since (81) is of order 3. and the onlyelements

ofordera in 2015 and 4.



Order ofgroupelenat
Given a finte group G.

For all elementof,
there exists integerd

such that gd =e.

The smallestsuch & is calledorder of9.

Notations

(G..) multiplicately

96 =

9.9.....
(G.+) additively

d.9 =

9H...
+g

& times



(2,t) is a group,

17.1
+1+......F0

Ihas no finite order

Existence of finite order for all g -G When

is finite:

Let gCG,we listdown all elements ofgi

9,95,93,.........

Since G is finite, there exists;and such that

gi =gz
Let itbe the inverse of .

95 =99+...g+ (j times

gi.g =95.9
-5

gi-i =e

Hence, when G is finite, I integer d=i -j
d

such thatg = e.



Properties ofgoup elements

abelim

Let G be a finiter group.

①Let d be the order ofgt G,
· gf =aiff a divides f

agranged divides (G).

③ In particular, Fg -E, g 1' =e

① Ea divides f, f =dg,q-

gf =gda =(gd)a =e4 =e

<- Prove by contradiction. Ifg
t
=e.

IfdXf, f =dg +1,110 xd - 1

gt =gdy+u =ydug=g) =e

Butgute becaused by def should be the smallest

such integer. Contradictive



2 E =59.592...,9e)(5) =2
Leta- G

aG=299, 99,..., agr3
Note thataG =G.

2.9.3(70, =4310,341,352,373,354,3453
+
= 43,4,5, 0 1 - 23

=(s,t)

Take the
productof all elementinaG and G

respectively,
9, 92....ge = 99..092.... agr

Gabelian
519....30 =0.9....ge

am =(multiplying both sides by (9...925)e

By property , order ofa mustdivides n

③ Vg -G,g(t) =e.
Let d =od (g), the order ofa

By definition ge =

e

By propertyd //G). Hence, Idd'for
d'tz. g(G) =gd.d' =(e)a =

e.



Cyclic group

Given a file group
G. Ifthe exists an element

gtG such that order
ofg is (G), then

A is a cyclic group.

⑨ is called the generator of G.

In particular, ord(s) mustbe 1G).

In (sit), Order of1 is 6.

1 is a generator of s

2) is a cyclic group.

- I

In (42x42,t) is nota cyclic group.
ode

(10) 2

(0,1) 2

(11) 2

(0,0) X

All non-identity elevents have under 2.



Chinese Rowander Therem (simple case

Letme, my such thatis, and we are

coprine

Co common dissors)

then there existunique solution X to the following:

X =X, nod a,

X =Xa nddM2

Eidently,
If N =x,42 where ma and we are copies

thef :kN <-> 4m, x&NZ

* #(x mndm.,Xmodnz)
f is bijective.

(E.g) t =20 -22x43

1 -(,1)
⑤>

a =(0,2)
3 -(1,0)
4 -(0,1)
5 -> (1,2)
8 -(0,0)



General statementfor Chinese Remainder Theorems

LetN =m,m ...
&where gad(mi, mj) = 1, it]

(i.e., all of the mis

pairwise coprine)

The map

f=zN >2m, xkm2X...xZnx

x I > (XGod M, Xmddm,...,
XGod nei

isa bijective map.

Equivalently:
LetM,m,. .

.

,
k be pairwise coprime integers.

There exists a unique solutia x to the following:

X =X, mod n I

X =X2 nd M2

=

X =Xk mdd NK

for my gives integers X,x,. .., XK



Consequence of Chinese Remainder These

①Zn =

2n,xzn, X... X nk

When N =n,n> ... Mk

where gad(Mi,mj) =1i j

② Zn*=2a tN)g,d(a,N) =13

2) =2nXZnX...xIn

(N*) =1Zn) x(2nd)...x(Zn)

U(N) =G(M). UCM2) ... (MR)



#ofchinesanderTheor

·

LetM, M,
.

. .

,
lK be pairwise coprime integers.

There exists a unique solutia Xto the following:

X =X, mod n I

X =X2 nd M2

=

X =Xk mdd NK

for my gives integers X,x,. .., XK

We need to show existence and uniqueness



①Unique (special case where i
=2)

canbe secealize to any value ofK)

If vs,y satisfythe congrences

We wantto show thatx=G mod minz

(i) X =X,mod n, S

S

(2) X =.X2 God M2

(3) y=X, God M,

(4) D=X2 nod M2 2
(1)-(3) X-Y = 0 nud n (

(2) - (4) X
- y =0 God me>

m,/x- y

M2/x -y

Because gad<M,M2) =1

m,021 x-y -> X=Y mod m.nu



② Existence (non-construction Prof
LetM,m,... pairwise coprime integers.

There exists a unique solutia Xto the following:

X =X, mod n I

X =X2 nd M2

=

X =Xk mdd NK

5give integers X, X, ..., Xk
Proof:

Define the map -

f =

x > (X GodMi, Xmod Mx, . . .

,
X God net)

By uniqueness shownin t isa 1 -1

map between IN and ZnixZn2x...
X Zm*

where N =n,M2... nek.

Since ZN contains Nelements and

&m.xZn2X... XZMcontains Nelements,



the map of is also onto.

This means IX-N such that

f(x) =(x,xx, ..., Xi) for all integers Xi.



Revision:One-to-One and Onto

Let f be a function from X to Y

Of is aetoroce/ injective if

f(x) =f(y) ieplies thatx =y

⑥ fis onto subjective if Eg.zY,
1 x 7 Xsuch thatf(x) =y

③ If f is one-to-oce and (x) =(Y),

then f is onto.



Aiotientfunction, l

Q(u) =number of integers between

1to -thatare coprine with a

From homework a,

R(p) =p- 1

u(p()=pi -pi
- 1

U(ren) =0(c)(() when Gadiv, d) =1



Homework 1

1. Prove that

With operation =watixmultiplication

isa non-ablity group.

29. Make multiplication table for S.

b. Show that(Xs,) is nota goup.
↑
-> integer multiplication

c. show that (*s7503, is a group.
↑ omitthe 0 element

39. Make multiplicationtable for

b. show that (267503) is not a group.



49. Make operation tables for (40,t) and

(42,t) x (2.3, t).
b. Show thatthey are isomorphic.

54. Make operation tables for (24,4) and

(*2(t)x(kz,t).
b. show thatthey are notisomorphic.



Homework 2

1. Compute the following values:

G:euler tortiantfunction

(9)U(2),4(3), a(5)

(b) G(22), 4(37),U(5")

x(23), R(33), UCSS)

(b) U(6), e(10), 1(15)

can you derive
a formula for UCul?



Unique price factorization
a,d2 ann =P,p.... Pn

Pi are prime

Examples

6 = 3. 3

3

8 = 2

100 =2752

Q(1) =G(p9'p29]...p.9)

=((p9) ((p,*2) ... ((Yn9)

=(p?' - p(t)(p02-p(z) ...

(pay - p(Pu)



(9)4(4 =1,4(3)
=2,4(5) =4

G(p) =p-1 when p is prime.


