
Definitive ofGomp

G be asetofelements with operation ·

and satisfy:

closure:a.b(G va,b -G

identity efG such thate.a=a.e = d,Fa =7

inverse:b is inverse of a if a.b=b.d =e,fatG
btf

associative:(A.b).c = 9.(6.C) va, b, c EG,

CG. 7 is a group.
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Examples

① (226, +)is a groupof size 20

② (Zn, t) is a group of size n.

Zn =setofremaindersmodulo n = 50,1,2, .
. .

,
.+3

③ (2, +) is a group of inflite size:

closure:Va,b(z,a+btz

identity:OZZand 0+ a =a +0 =a VatZ

inverse:va-Z-d5> and a+(a) = 0

associative:va,b,c62:(a+b) +c is equal to a +(b+c)

④(2,*) is nota goup.

↓ Integer multiplication

identity
=1, 1*a =a* 1

=ava-

27 z 2* b =

1if b =1+
There is no invese for 2.



Finite group vs Infinite group

Definitive:If (f) is a group of size is, then the

order of G is u.

Abelia is non-abilial

In (226,t):a+b =5+a vd,b7726 commutative

A group that satisfy commutativingis a abolic group.

Homework

With operation *
=watix multiplication

isa non-ablity group.

(motixmultiplication is notcommutative:A*BB*A L
for some matrices A, B



Operatiotable

·isidenticresident
in

1 Observation:Exception



Lened

Given a group (G,.), show that

(a) the identity of(G.) is unique
If there are two identius e,

e.G =a.e
=a

f. a =0f =G

show that a is equal to +

(b) t q = t, the inverse ofa is unique.



Directproduct

(2,55x(3,+) =G(a,b)(a +xz,b+233
=(0,0), (0,1), 10,2), (1, 0),

(1,1), 41,2)3 of one6

(9,b),(,d)t(X2,t) x (43.t)
(a,b) x(c,d) =(a +c,b +d)

Two groups (G,0), (H,*), We can createa

group (A,.)x(H, *)

=h(g,h)/9 - G,ht43

with operation x such that

(9,h) x(9,,h) =(9.9,,n*h')

orderof (h,.)x(H,*) =

oder of(G. x

oder of(H,*)



Proof that (f..)x(H,*) is a group

closure:(9.,h), (9,,d') G(G,) x (H, *)

(9,h) x (g,,v) =(9.9',h*h') - GxH

9.9. 7G

bon' tH

identity:(ec.TH) x(g,h) =(e.9, en*h) fgEG,
ht H

=(g,h)

(g,h) x(e7,24) =(g,e2,h*eH)
=

(9,h)

inverse:UgtG, htH,
-1

=> inverse for a devoted as a

inveme for a denoted as h

(9,h) x(g+h) =(g.gt,hoh")
=((G,en)

(+,h+) x(9,h) =(22,ex)

&ssociative:Operative is element-wise



Isomorphism

Two groups G, Iare isomorphic
if

they exists a bijetive map from elements in G to

elements in H that preserve the opatios of

the group elements.

fi(X,0) -> (H,*)
If9.9) =g

vg,g'tG ther

f (9.9)) =f(g)*f(g)f(g)*f(g)
=

f(g)

i) (22,+)x*3,+) is isomorphic to (43,+),x(42/+)

2) (42,7) x(*3(t) is isomorphic to (6,+)Lineaus is not

componinnocutI



↑(x,+) x(s,t) is isomorphic with (*3,+) x(42,+)
-

&

...

+. Letf((a,b)) =(b,a)
↓

(0,0) ->(0,0)

show thatof preserves the
10,1) ->(,0)

(0,2) ->(2,0)
operations

(1,0) -> (0,1).W.t.S -f((a,b)) xf(x,d))
2(,t) ->(1,1) i

=f((a,b) x (,d))
(1,2) -> (a,1)

f((,b)(X f(x,d)) =(b,a)x(d,c
=(b+d,a+c)

=f((a +c,b+d))

=f(a,b)xx,d))i



Suppose G =H (G is isomorphic to H).

and f is an isomorphism of G and H.

show that

①f((z) =e+1

④ Letg' be the inverse of gGG.
/

&

f(g') is the invent of f(g)tH

&sf(eq).h =h .f(ez) =h,theH

f(eG).h =f(ec).f19) where f(g):h
=f(2G.9)
=f(g)
= h

b.f(ea) =f(g).f(x)
=

f(9.9G)
=f(g) =H

② g'.g = 9.g' =eby definition

w.f. 5 f(g).f(g) =f(g).f(q) =e

f(g').f(g)=f(g',9) =f(e) =ex

f(g).f(q)) =f(e) =27 1



② showthat[6,t 22(t) X (23,t)
④

(

1·sp-: iii..........
-

-f =(a,b) -3a
+2b = itixxa)) =

f((a,b))Xf(c,d)

077 >2 - 3- 4 - 5

M R 17 f+ 1 ↓ ↓
V

(0,0) ->(1,1) -> 10,2) -> (1,0) -> (0,) -> (1,2)-

8- -2 - 3.54-5
N x

# ↓ i 1
(0,0)->2) > (0,1) -> (0,0)

-(0,2)-(0,1)

is nota rightmap

There could

be
more than one map!

1



077 >2 - 3- 4 - 5

f I M R 17t1 ↓ ↓ -
V

(0,0) -> (1,1) -> 10,2) -> (1,0) -> (0,) -> (1,2)-

(42,5)x(43,t)
↓ 04231 5

O 0 42315

0163iii.E:"2 2045373 315842

1 33420
! *

↑
This operation table represents (26,t)!



③ show that2x 22x42

+

=-| .............
1 1

1222x3z:(a,b) +(9,b) =(0,0) f(9,b)742x*2

In 24 : a +9 #0 exceptwhen a =0

An isomorphism of should map the invest of

an elevat Caib) 742XZ2 to the inverse

of f((a,b)) 7 24. ⑨

for all (ab(42x[2, (9,5) is its own inverse.

So, fiai) 724should also be its own

inverse. Butin, all nonzers element

is not its own inverse.


