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Roots of polyconial over f

oservation s

8If F(x) = FIX] has degree 1, how many roots

cano have?

f(x)=qx+b,970,9,62F

If r is a rot, the f(r)=ar+b
=0

r=
Answer:One root.

& Letf(x) =x+), a polynomial over degree 2.

How many roots
of t can they be?

f(x) =4IX], roots are is - i

f(x) =1R2x], no root

f(x) =E2x], rootis 1,



Theore

A polynomial of degreed over a field can have at

most a roots.

corollary (8-polymonial)

If P(x) =FIx] is of degree atmost a but

has atleastdf) roots, then p(x) =0

proof: (Homework)

Hint:Proof by induction over the degree

of the polycanal



Interpolation

"Given points [9y bi), (a2,ba), ...,(adt,batt

find a polycomial f(x) such thatf(x) fits

the points"

9i, bi I, di,92,..; adt distinct
Find f(x) = FIX] such that

f(ai) =bi

and degree (f) =d

91:For my d+) pairs
of points, does there

existfeFIX] that fits these points?

od:could there be more that one policynomial
thatfit these points?



Theorem:There exists at most one f(x)=F[x]

that interpolates canbis, ..., [9dt,Mdt).
Where dy() =d

-

Can,bib...., [adt, bdas a, are distinct.

suppose f(x), g(x) GFIx] fit these points.

und degre(f), degre(y) =d.

h(x) =f(x) - g(x)

h(ai) =f(ai)-g(ai) =bi
- bi

=0

I will have de roots (91,92, ..., adtil

degree of h(X) < d.

By corollary (O-polynomial), h(x) =0

:.f(x) =g(X)

Remark:The theorem fails when I is

not a field.

f(x) =3 x+xx4x]

roots:0, 1,4
degreef=1



Lagrange Interpolation

construt f(x) =FIX] that

interpolates can bis, ..., [9dt,Mdt).

where ai,bi e F, G, ... Adtl am distinct

degree (f) =d

Find Cd, Cd-, . .

.,
Co EE sit

f(x) =(dX4 +ca-x* +...+co
such that

f(ai)
=bi

specialcase.1

f(x, =1

f(ai) =0 Vi =1 -> d2, . .

., adH are the roots

Letf,(x) =(x - da)(X - qb) ...(X-9d+1)

Then f, (ai) =0, i 22

f,(91) =(a, -42)(41 -43) ...(a,-ddt)

so, f(x) =I



specialcasethe
f(x) =0i =2

So, f(x) =a
where falx)=(X-9i(X-93)(x-44) ...(x-4d+1)

&

In general,

Let9i(x) =i)
where fix) =i (X-95(

1j -d t 1

5 Fi

Them 9i(x) =G1
if x =ai

0 %W

f(x) =b,9,(x) +b292(X) +...+bd+,d+(X)

They flais =bi for kied+

degree of f =
d



SecretSharing Scheme

Ct, n) - threshold secretsharing scheme:

share a secret among a people in such a

way that

①any of there can recover the secret

⑦ less than t of there can notrecover

the secret

Idea: Split secretinto shares, distributed

over all a participants such a way
that

①knowledge of atleast to shares can recover

the secret.

&&knowledge of less that ashares give no

information on the secret.



schemein Im
shares:random not values from m

S,
...

Sn-1

Sn =S-S,-Sa-...- Sn-1had e

Distribute Si to participant i

recover:S =S, +Sa+...+ sn and in

Can any not of the shares recover secret?

NO_

For example, if Sa is unknown,

and all othershoresare known,

7 =S,t Ss+...+ Sn

S =T +Sa

know treativeinformation of



(t, n) - Shamir secret scheme

Based on polynomial interpolation over

finite field fo

Secret:S =GF(q) (finite field of
orderab

shares:Choose to 1 randone values over

GF(q)

a,,92, ...,9 +- 1

G =S

Build a secret polynomial

fix)=no + a,x +. dax*+..+
at-Y

The share for participant i

is (i,f(9:))

Recovery:Given any a shares, say

(1, f(a)), 12, f(az...,It,f(att)

constructfax) such that

f fits these shares.Compute
do =f(0)



If less than to participants pool the

shars, can they recover secret?

See Homework 12.


