
Outline

Ring

Field

polynomial Ring



Recap or group

Group is a setG with a operation +, (4,t)

satisfies

(1) Closure:V y,h+7, 9th =4.

(2) identity:1024, Sit 9+0 =0+g
=g xy+4

(3) inverse:1g + G, z(g) t 4. Sitg+ 1-9) =(g)
+

g =0

14) associativity:V9,h,k = G,(g+h)+k =g+(h +k)

2.9: (I, t is a group.

Ring is a setR with two operations +, *(R, +,*)

satisfies

(1) (R, # is a commutative group.

(2) With respect to :

Eniquemultismtve identity, 1ER
Sit 1*=er

UrE R,

(3) +, *aire distributive:Xa,b, c tR

(9 +b) *c =(axc)
+(bxc)

E.9: (I, +, 4) is a ring, (In, +, 4) is a ring

I cando addition, substraction, multiplication, but not

division)



d

Asetf with two operations +, *satisfy

(1) CF, t) is a commutative group

(2) (f(303,*) is a commutative group.

(3)Distributive

E.g: IR, Q, K are infinite field

Ep=Rp where p is prime is a finite field

can do addition, subtractive, multiplative, divisivel

Recap:2p* =2p7507 has multiplicative inverse.

(p*, i) is a group

Questions:

① 1: Are there finite fields of arbity number of

elements?

Q2: How to construct finite fields?



Theorem s

&Any finite field has pd elements (prime power.

② There exists a finite field of pd elements

for all prime power p.
③All finite field of size pd are isomorphic.

Polynomial Ring

f(x) =3x2 +2x +1
i

- - degree
coefficients



Polycocial over Field F

Letobe a field.

=[x] =3cdx+Cd+x+...+co,cieF3

2.g
= I F2[x],x +1) = F2[x]

(x2+x) = 7= [x]

(x +1) +(x2 +x) =x+ax +1
=>x +1 =IF22x]

(x+1)(X2 +x) =x3 +xe +x2 +x

- x3 +X

FIx] is nota field but a ring.

Justlike ring ofintegers, we can add, subtract,

multiplybut notdivision.



I F[X], I is a field

concept of division
with remainder

a =bqr,rb f(, g(x) in FIX]

11 =4.2 +3 f(x) =y(x)q(x)
+r)x)

dey ((x) =deyxg (x) (

3x
2
+5

2 x
2
+4/6x4 +0x +1in F,2x)

6x4 +x2

10x2 +fx +1

10 x
2
+9

8x.53

6x4 +.8x +1 =(2x +4)(3x2 +5)

+8x +3

ofmodulo jy4+8x+ nod ax e

=8x +3

-ofquotient ring
Take at R

Takef(x) = FIX]
En =4/(n) is a

ring
Fix/ef(x) is a ring



concept of prime conceptof irreducible

intege- p such that f(x) ->F[x]

P has nor trivial -> is irreddable if it

divisors (1, p) has no proper factors

other than itself and a

constant.

E9, 2, 3, 5, 7, E.g: over ITXY

x+1 is irreducible

x
2
- 1 =x - D( x+1) is not

irreducible

&is a field if FEx)/(fcx)) is a field ift
n is a prime. fex) is irreducible.

-

All nonzero elements in24 All nonzero polynomial in
W

where p is prime has 72x]/(f(x) where fix) is
multiplicative inverse irreducible has multiplicative

inverse

Iphas pelements I F12x]/(fx)) has pa elements

Il

1p =2/(a) Where f(x) is irreducible

over Fix] of degree d

and F is a trite field of order p.



(p130b, It iscyclic =797 (p[x)/fex) 7903,) iscyclic.3sprimitive element

(p,t) is cyclic =<17

Construction of a finite field
-

② The set1pT,fx)) is a finite field oforder pa.

initiin
the

Example:construct a finite field oforder 2* =8

coefficients of x3 -

=

1-c
=a

=1

xa = +ad =0 -> d=1

X I ae + db =

1

x* => be =>1 -b =e =1

There exists no a,b, c,d, e tFs that satisfy all

the equations.

② E*/((x)) =30, 1, X, x
+1,x,x+X,x2+1,

x
+

x+13

③ Find the primitive element/generator of (x)/((x)),*).

X, x,y3 =

=
x+ 1,x2+x, x3+x

=

x2+x +),x+x4+x =x21

x5+x =1.xgenerates all nonzer elements in E2x4(fxx1)


